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Let G be the product of an abelian variety and a torus deﬁned
over a number ﬁeld K . Let R be a K -rational point on G of inﬁnite
order. Call nR the number of connected components of the smallest
algebraic K -subgroup of G to which R belongs. We prove that nR is
the greatest positive integer which divides the order of (R mod p)
for all but ﬁnitely many primes p of K . Furthermore, let m > 0 be
a multiple of nR and let S be a ﬁnite set of rational primes. Then
there exists a positive Dirichlet density of primes p of K such that
for every  in S the -adic valuation of the order of (R mod p)
equals v(m).
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1. Introduction
Let G be a semi-abelian variety deﬁned over a number ﬁeld K . We consider reduction maps on G
by ﬁxing a model for G over an open subscheme of SpecO, where O is the ring of integers of K .
Remark that different choices of the model may affect only ﬁnitely many reductions because in
fact any two models are isomorphic on a (possibly smaller) open subscheme of SpecO.
Let R be a K -rational point on G . For all but ﬁnitely many primes p of K the reduction modulo p
is well deﬁned on the point R and the order of (R mod p) is ﬁnite. It is natural to ask the following
question: how does the order of (R mod p) behave if we vary p?
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(R mod p) is non-zero. A ﬁrst consequence is that if R is a torsion point of order n then for all but
ﬁnitely many primes p of K the order of (R mod p) is n. A second consequence is that if R has
inﬁnite order then the order of (R mod p) cannot take the same value for inﬁnitely many primes p
of K . In this paper we prove the following result:
Main Theorem 1. Let G be the product of an abelian variety and a torus deﬁned over a number ﬁeld K . Let R
be a K -rational point on G of inﬁnite order. Call nR the number of connected components of the smallest
K -algebraic subgroup of G containing R. Then nR is the greatest positive integer which divides the order of
(R mod p) for all but ﬁnitely many primes p of K . Furthermore, let m > 0 be a multiple of nR and let S be a
ﬁnite set of rational primes. Then there exists a positive Dirichlet density of primes p of K such that for every 
in S the -adic valuation of the order of (R mod p) equals v(m).
It is interesting to see whether our result generalizes to semi-abelian varieties. In this generality
we prove that for every integer m > 0 there exists a positive Dirichlet density of primes p of K such
that the order of (R mod p) is a multiple of m (see Corollary 14). Also for all but ﬁnitely many
primes p the order of (R mod p) is a multiple of nR (see Proposition 2).
The Main Theorem and the results in Section 4 (Propositions 11, 12 and Corollary 14) strengthen
results which are in the literature: [9, Lemma 5]; [12, Theorems 4.1 and 4.4]; [1, Theorem 3.1] and [2,
Theorem 5.1] in the case of abelian varieties. Further papers concerning the order of the reductions
of points are [6], [10] and [8].
2. Preliminaries
Let G be a semi-abelian variety deﬁned over a number ﬁeld K . Let R be a K -rational point on G .
Write GR for the Zariski closure of Z · R in G ×K K¯ (with reduced structure). Because Z · R is dense
in GR(K¯ ), it follows that GR is an algebraic subgroup of G deﬁned over K . In particular for every
algebraic extension L of K we have that GR is the smallest algebraic L-subgroup of G such that R
is an L-rational point. Write G0R for the connected component of the identity of GR . Then G
0
R is an
algebraic subgroup of G deﬁned over K and G0R(K¯ ) is divisible. Write nR for the number of connected
components of GR . The number nR does not get affected by a change of ground ﬁeld: since Z · R is
Zariski-dense in GR(K¯ ) then every connected component of GR is a translate of G0R by a K -rational
point therefore it is also deﬁned over K .
Lemma 1. Let G be a semi-abelian variety deﬁned over a number ﬁeld K . Let R be a K -rational point on G.
Then GnR R = G0R . Furthermore, let H be a connected component of GR . Then there exists a torsion point X in
GR(K¯ ) such that H = X + G0R .
Proof. Clearly G0R contains GnR R . Also G
0
R is mapped to GnR R by [nR ]. Because this map has ﬁnite
kernel, G0R and GnR R have the same dimension. Then since G
0
R is connected, we must have GnR R = G0R .
Let P be any point in H(K¯ ). Then P +G0R = H . The point nR P is in G0R(K¯ ). Since G0R(K¯ ) is divisible,
there exists a point Q in G0R(K¯ ) such that nR Q = nR P . Set X = P − Q , thus X is a torsion point
in GR(K¯ ). Then we have:
H = P + G0R = P − Q + G0R = X + G0R . 
Proposition 2. Let G be a semi-abelian variety deﬁned over a number ﬁeld K . Let R be a K -rational point
on G. Then nR divides the order of (R mod p) for all but ﬁnitely many primes p of K .
Proof. Because of Lemma 1 there exist a torsion point X in GR(K¯ ) and a point P in G0R(K¯ ) such that
R = P + X . Then clearly nR X is the least multiple of X which belongs to G0R(K¯ ). Call t the order of X .
Let F be a ﬁnite extension of K where P is deﬁned and GR [t] is split. Fix a prime p of K and let q be
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may assume that the order of (R mod q) is also m. The equality (mX mod q) = (−mP mod q) implies
that (mX mod q) belongs to (G0R(F ) mod q). Then (mX mod q) belongs to (G
0
R mod q)[t].
Up to excluding ﬁnitely many primes p of K , we may assume that the reduction modulo q maps
injectively GR [t] to (GR mod q)[t] and that it maps surjectively G0R [t] onto (G0R mod q)[t]. See [10,
Lemma 4.4]. We deduce that mX belongs to G0R [t]. Then m is a multiple of nR . This shows that for all
but ﬁnitely many primes p the order of (R mod p) is a multiple of nR . 
Deﬁnition 3. Let G be a semi-abelian variety deﬁned over a number ﬁeld K . Let R be a K -rational point on G.
We say that R is independent if R is non-zero and GR = G.
By this deﬁnition an independent point has inﬁnite order. Notice that this deﬁnition does not
depend on the choice of the number ﬁeld K such that R belongs to G(K ).
In Remark 6 we prove that if G is the product of an abelian variety and a torus then R is inde-
pendent if and only if it is non-zero and the left EndK G-module generated by R is free. Then rational
points of inﬁnite order on the multiplicative group or on a simple abelian variety are independent.
Lemma 4. Let G be a semi-abelian variety deﬁned over a number ﬁeld K . Let R be a K -rational point on G
of inﬁnite order. Then the point nR R is independent in G0R . Furthermore, let X be a torsion point in G(K ) and
suppose that R is independent. Then R + X is independent.
Proof. By Lemma 1 we have GnR R = G0R therefore nR R is independent in G0R .
For the second assertion, we have to prove that GR+X = G . Call t the order of X . Clearly GR+X ⊇
Gt(R+X) = GtR . Because GR = G it suﬃces to show that GtR = GR . Remark that GR contains GtR and
that GR is mapped to GtR by [t]. Because [t] has ﬁnite kernel, GR and GtR have the same dimension.
Because GR is connected it follows that GtR = GR . 
Proposition 5. Let K be a number ﬁeld. Let G = A × T be the product of an abelian variety and a torus
deﬁned over K . Then a connected algebraic K -subgroup of G is the product of a K -abelian subvariety of A and
a K -subtorus of T .
Proof. Let V be an algebraic subgroup of G . Call πA and πT the projections of V on A and T respec-
tively. Remark that πA(V ) is a connected K -subgroup of A therefore it is an abelian subvariety of A.
Similarly πT (V ) is a connected K -subgroup of T therefore it is a subtorus of T . By replacing G with
πA(V ) × πT (V ), we may assume that πA(V ) = A and πT (V ) = T .
Write NT = πT (V ∩({0}× T )) and NA = πA(V ∩(A×{0})). Remark that NA and NT are K -algebraic
subgroups of A and T respectively. It suﬃces to show that NA = A and NT = T because in that case
V = A × T and we are done. To prove the assertion, we make a base change to K¯ . Since the category
of commutative algebraic K¯ -schemes is abelian [7, Theorem, p. 315, §5.4, Expose VIA ] it suﬃces to see
that the quotients Aˆ = A/NA and Tˆ = T /NT are zero. The quotient A/N0A is an abelian variety (see
[13, §9.5]) and then the quotient of A/N0A by the image of NA in A/N
0
A is an abelian variety (see [11,
Theorem 4, p. 72]). Hence Aˆ is an abelian variety. Because of [5, Corollary, §8.5] the algebraic group
T /N0T is a torus. The quotient of T /N
0
T by the image of NT in T /N
0
T is an aﬃne algebraic group (see
[5, Theorem, §6.8]). Hence Tˆ is an aﬃne algebraic group.
Call α the composition of πA and the quotient map from A to Aˆ. Similarly call β the composition
of πT and the quotient map from T to Tˆ . The product map α ×β is a map from V to Aˆ × Tˆ . Now we
show that the projection π Aˆ from α × β(V ) to Aˆ is an isomorphism. Clearly π Aˆ is an epimorphism.
Since we are working in an abelian category, it suﬃces to show that π Aˆ is a monomorphism. Because
the map α×β from V to α×β(V ) is an epimorphism, it suﬃces to check that the maps π Aˆ ◦ (α×β)
and α×β have the same kernel. The kernel of the ﬁrst map is V ∩ (NA × T ). The kernel of the second
map is V ∩ (NA × T )∩ (A×NT ). We show that these two group schemes are isomorphic because they
have the same groups of Z -points for every K¯ -scheme Z . The Z -points of the ﬁrst kernel are the
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lies in V (Z) and so b belongs to NT (Z). Then the two kernels have the same Z -points. The proof
that α × β(V ) is isomorphic to Tˆ is analogous. We deduce that Aˆ and Tˆ are isomorphic. Since Aˆ is a
complete variety while Tˆ is aﬃne the only possible morphism from Aˆ to Tˆ is zero. Then Aˆ and Tˆ are
zero. 
For the convenience of the reader we prove the following remark.
Remark 6. Let G = A × T be the product of an abelian variety and a torus deﬁned over a number
ﬁeld K . Then a non-zero K -rational point R on G is independent if and only if the left EndK G-
module generated by R is free.
Proof. The ‘only if ’ part is straightforward: if φ is a non-zero element of EndK G such that φ(R) = 0
then ker(φ) is an algebraic subgroup of G different from G and containing R hence containing GR .
Now we prove the ‘if ’ part. Suppose that R is not independent. Because of [14, Proposition 1.5] the
left EndK G-submodule of G(K ) generated by R is free if and only if the left EndK¯ G-submodule of
G(K¯ ) generated by R is free. Then to conclude we construct a non-zero element of EndK¯ G whose
kernel contains the point R .
Clearly we may assume that R has inﬁnite order. So G0R is non-zero and since R is not independent
we have G0R = G . By Proposition 5, G0R is the product of an abelian subvariety A′ of A and a subtorus
T ′ of T . Then either A′ or T ′ are non-zero and either A = A′ or T = T ′ . If A′ is zero set φA = idA ,
if A′ = A set φA = 0. Otherwise by the Poincaré Reducibility Theorem there exists a non-zero abelian
subvariety B of A such that A′ and B have ﬁnite intersection and such that the map
α : A′ × B → A, α(x, y) = x+ y
is an isogeny. Call d the degree of α and remark that d is the order of A′ ∩ B . Call αˆ the isogeny from
A to A′ × B such that α ◦ αˆ = [d]. Call π the projection from A′ × B to {0}× B . Set φA = α ◦ [d] ◦π ◦ αˆ.
Remark that if α(x, y) is a point on A′ then both x and y are points on A′ . Then it is immediate to
see that φA is a non-zero element of EndK¯ A and that its kernel contains A
′ .
If T ′ is zero set φT = idT , if T ′ = T set φT = 0. Otherwise, because a subtorus is a direct factor
there exists a non-zero φT in EndK¯ T such that T
′ is contained in ker(φT ). Then by construction
(φA × φT ) ◦ [nR ] is a non-zero element of EndK¯ G whose kernel contains GR . 
3. The method by Khare and Prasad
In this section we prove the following result, which will be used in Section 4 to prove the Main
Theorem. To prove this result we generalize a method by Khare and Prasad (see [9, Lemma 5]).
Theorem 7. Let G be the product of an abelian variety and a torus deﬁned over a number ﬁeld K . Let F be a
ﬁnite extension of K . Let R be an F -rational point on G such that GR is connected. Fix a non-zero integer m.
There exists a positive Dirichlet density of primes p of K such that the following holds: there exists a prime q
of F over p such that the order of (R mod q) is coprime to m.
Remark that if F = K the theorem simply says that there exists a positive Dirichlet density of
primes p of K such that the order of (R mod p) is coprime to m.
Let G be a semi-abelian variety deﬁned over a number ﬁeld K . For n in N call Kn the small-
est extension of K over which every point of G[n] is deﬁned. Let R be in G(K ). Then for n in N
call K ( 1
n
R) the smallest extension of Kn over which the nth roots of R are deﬁned. Clearly the
extensions Kn+1/Kn and K (
1
n
R)/Kn are Galois.
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a positive integer. Suppose that G(K ) contains G[]. Then the degree [Kn : K ] is a power of  and for every R
in G(K ) the degree [K ( 1
n
R) : K ] is a power of .
Proof. Since the points of G[] are deﬁned over K , we can embed Gal(Kn/K ) into the group of the
endomorphisms of G[n] ﬁxing G[]. The order of this group is a power of  since G[n] is a ﬁnite
abelian group whose order is a power of . Now we only have to prove that the degree [K ( 1
n
R) : Kn ]
is a power of . We can map the Galois group of the extension K ( 1
n
R)/Kn into G[n], whose order
is a power of . This is accomplished via the Kummer map
φn : Gal
(
K
(
1
n
R
)/
Kn
)
→ G[n]; φn(σ )(R) = σ
(
1
n
R
)
−
(
1
n
R
)
,
where 1
n
R is an nth root of R . Since two such nth roots differ by a torsion point of order divid-
ing n , it does not matter which root we take. This also implies that φn is injective. This proves the
assertion. 
Lemma 9. Let G be the product of an abelian variety and a torus deﬁned over a number ﬁeld K . Let R be
a K -rational point of G which is independent. Then for all suﬃciently large n we have:
K
(
1
n
R
)
∩ Kn+1 = Kn .
Proof. Consider the map
αn : Gal
(
K
(
1
n+1
R
)/
Kn+1
)
→ Gal
(
K
(
1
n
R
)/
Kn
)
given by the restriction to K ( 1
n
R). To prove this lemma, it suﬃces to show that αn is surjective for
suﬃciently large n.
It is not diﬃcult to check that the following diagram is well deﬁned and commutative (φn is the
Kummer map deﬁned in the proof of Lemma 8 and βn is induced by the diagram):
0 Gal(K ( 1
n+1 R)/Kn+1 )
φn+1
αn
G[n+1]
[]
Cokerφn+1
βn
0
0 Gal(K ( 1n R)/Kn )
φn
G[n] Cokerφn 0.
If βn is injective then αn is surjective. Since βn is surjective, it suﬃces to prove that Cokerφn+1 and
Cokerφn have the same order for suﬃciently large n. Since the order of Cokerφn increases with n,
it is equivalent to show that the order of Cokerφn is bounded by a constant which does not depend
on n. Since we assumed that GR = G , this assertion is a special case of a result by Bertrand [3,
Theorem 1]. 
Lemma 10. Let K be a number ﬁeld. Let G = A × T be the product of an abelian variety deﬁned over K and a
torus split over K . Fix a rational prime . If T = 0 or if A = 0 or if  is odd then for every suﬃciently large n > 0
there exists an element h in Gal(K¯/K ) which acts on G[∞] via an automorphism whose set of ﬁxed points
is G[n]. If A and T are non-zero and  = 2 then for every suﬃciently large n > 0 there exists an element h2 in
Gal(K¯/K ) which acts on G[2∞] via an automorphism whose set of ﬁxed points is A[2n] × T [2n+1].
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because T is split over K then it suﬃces to remark the following fact: for every suﬃciently large n > 0
the ﬁeld obtained by adjoining to K the (n+1)th roots of unity is a non-trivial extension of the ﬁeld
obtained by adjoining to K the nth roots of unity. Now assume that A and T are non-zero. Call Aˆ
the dual abelian variety of A. By applying a result of Bogomolov [4, Corollaire 1] to A × Aˆ we know
that if n > 0 is suﬃciently large, there exists an element h in Gal(K¯/K ) which acts on A × Aˆ[∞]
as a homothety with factor h in Z∗ such that h ≡ 1 (mod n) and h ≡ 1 (mod n+1). For every n the
Weil paring
en : A
[
n
]× Aˆ[n]→ μn
is bilinear, non-degenerate and Galois invariant. Since en is bilinear and non-degenerate its image
contains a root of unity ζ of order n . Choose X1 ∈ A[n], X2 ∈ Aˆ[n] such that en (X1, X2) = ζ . By
Galois invariance and bilinearity we have:
σ(ζ ) = σ (en (X1, X2))= en(σ(X1),σ (X2))= en (h · X1,h · X2) = ζ h2 .
Because ζ generates μn then σ acts on μn as a homothety with factor h2 (mod n). Clearly
h2 ≡ 1 (mod n) and h2 ≡ 1 (mod n+1) if  is odd. If  = 2 and n > 1 then h2 ≡ 1 (mod 2n+1)
and h2 ≡ 1 (mod 2n+2). Because T is split over K we deduce the following: if  is odd the set of ﬁxed
points for the automorphism of G[∞] induced by h is G[n]; if  = 2 the set of ﬁxed points for the
automorphism of G[2∞] induced by h2 is A[2n] × T [2n+1]. 
Proof of Theorem 7. By Proposition 5, GR is the product of an abelian variety A and a torus T deﬁned
over F . Let R ′ be a point in GR( F¯ ) such that 2R ′ = R . Since R is independent in GR , the point R ′ is
independent in GR . Call S the set of the prime divisors of m. Let K ′ be a ﬁnite extension of F over
which R ′ is deﬁned, over which T is split and over which GR [] is split for every  in S . Apply
Lemma 9 to the point R ′ , the algebraic group GR and with base ﬁeld K ′ . Then for all suﬃciently
large n and for every  in S the intersection of K ′( 1
n
R ′) and K ′
n+1 is K
′
n . Apply Lemma 10 to GR with
base ﬁeld K ′: we can choose n > 0 such that the previous assertion holds and such that for every 
in S there exists h as in Lemma 10. Call L the compositum of the ﬁelds K ′( 1n R
′) and the ﬁelds
K ′
n+1 where  varies in S . By Lemma 8, the ﬁelds K
′( 1
n
R ′) · K ′
n+1 where  varies in S are linearly
disjoint over K ′ . Then we can construct σ in Gal(L/K ) such that for every  in S the restriction of σ
to K ′( 1
n
R ′) is the identity and such that the restriction to K ′
n+1 of σ and of h coincide.
Let p be a prime of K which does not ramify in L and such that there exists a prime w of L
which is over p and such that FrobL/K w = σ . By Chebotarev’s Density Theorem there exists a positive
Dirichlet density of prime ideals p of K which satisfy the above conditions. Let q be the prime of F
lying under w. Fix a prime  in S and suppose that the order of (R mod q) is a multiple of . Up
to discarding ﬁnitely many primes p the order of (R mod w) is a multiple of . Let Z be an element
of GR(L) such that n Z = R ′ . Then the order of (Z mod w) is a multiple of n+1 (respectively of
n+2 if  = 2). Let a  1 be such that the order of (aZ mod w) is exactly n+1 (respectively n+2 if
 = 2). Up to discarding ﬁnitely many primes p there exists a torsion point X in GR(L) of order n+1
(respectively n+2 if  = 2) and such that (aZ mod w) = (X mod w). See [10, Lemma 4.4].
Up to excluding ﬁnitely many primes p, the action of the Frobenius FrobL/K w commutes with
the reduction modulo w of G hence we deduce the following: the point (Z mod w) is ﬁxed by the
Frobenius of w while (X mod w) is not ﬁxed. Then the point (aZ mod w) is ﬁxed by the Frobenius
of w and we get a contradiction. 
4. The proof of the Main Theorem and corollaries
In this section we prove the Main Theorem and other applications of Theorem 7.
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a torus deﬁned over K and let Ri be a point in Gi(K ) of inﬁnite order. Suppose that the point R = (R1, . . . , Rn)
in G = G1 ×· · ·×Gn is such that GR is connected. Fix a non-zero integer m. For every i = 1, . . . ,n ﬁx a torsion
point Xi in Gi(K¯ ) such that the point X = (X1, . . . , Xn) is in GR(K¯ ). Let F be a ﬁnite extension of K over
which X is deﬁned. Then there exists a positive Dirichlet density of primes p of K such that the following holds:
there exists a prime q of F over p such that for every i = 1, . . . ,n the order of (Ri − Xi mod q) is coprime to m.
Proof. By Lemma 4 the point R is independent in GR and the point R ′ = R − X is independent in GR .
Since GR ′ = GR , by Proposition 5 the algebraic group GR ′ is the product of an abelian variety and a
torus deﬁned over K . Apply Theorem 7 to R ′ and ﬁnd a positive Dirichlet density of primes p of K
such that the following holds: there exists a prime q of F over p such that the order of (R ′ mod q) is
coprime to m. This clearly implies the statement. 
Proposition 12. Let K be a number ﬁeld. For every i = 1, . . . ,n let Gi be the product of an abelian variety and
a torus deﬁned over K and let Ri be a point in Gi(K ) of inﬁnite order. Suppose that the point R = (R1, . . . , Rn)
in G = G1 × · · · × Gn is independent. Fix a ﬁnite set S of rational primes. For every i = 1, . . . ,n ﬁx a non-zero
integer mi . Then there exists a positive Dirichlet density of primes p of K such that for every i = 1, . . . ,n and
for every  in S the -adic valuation of the order of (Ri mod p) is v(mi).
Proof. For every i = 1, . . . ,n choose a torsion point Xi in Gi(K¯ ) of order mi and call X = (X1, . . . , Xn).
Let F be a ﬁnite extension of K over which X is deﬁned. Call m the product of the primes in S . Apply
Proposition 11 to R and ﬁnd a positive Dirichlet density of primes p of K such that the following
holds: there exists a prime q of F over p such that the order of (R − X mod q) is coprime to m.
Fix p as above. Up to discarding ﬁnitely many primes p, for every i = 1, . . . ,n the order of (Xi mod q)
equals mi . This implies that for every i = 1, . . . ,n and for every  in S the -adic valuation of the
order of (Ri mod q) equals v(mi). Then up to discarding ﬁnitely many primes p, the -adic valuation
of the order of (Ri mod p) equals v(mi) for every i = 1, . . . ,n and for every  in S . 
Proof of the Main Theorem. Call n the largest positive integer which divides the order of (R mod p)
for all but ﬁnitely many primes p of K . By Proposition 2 we know that nR divides n. Now we prove
that n divides nR . By Lemma 4, GnR R is connected hence by Proposition 5 it is the product of an
abelian variety and a torus deﬁned over K . Let  be a rational prime. Apply Theorem 7 to nR R
and ﬁnd inﬁnitely many primes p of K such that the -adic valuation of the order of (nR R mod p)
is 0. Thus there exist inﬁnitely many primes p of K such that the -adic valuation of the order of
(R mod p) is less than or equal to v(nR). This shows that n divides nR . Now we prove the second
assertion.
Apply Proposition 12 to nR R in GnR R and ﬁnd a positive density of primes p of K such that for
every  in S the -adic valuation of the order of (nR R mod p) is v( mnR ). Because of the ﬁrst assertion,
we may assume that nR divides the order of (R mod p). Then for every  in S the -adic valuation of
the order of (R mod p) is v(m). 
By adapting this proof straightforwardly we may remark that nR is also the largest positive integer
which divides the order of (R mod p) for a set of primes p of K of Dirichlet density 1.
Lemma 13. Let K be a number ﬁeld. For every i = 1, . . . ,n let Gi be the product of an abelian variety and a
torus deﬁned over K . Let H be an algebraic subgroup of G1 ×· · ·×Gn such that the projection πi from H to Gi
is non-zero for every i = 1, . . . ,n. Let  be a rational prime. Then there exists X in H[∞] such that πi(X) is
non-zero for every i = 1, . . . ,n.
Proof. By Proposition 5, up to replacing H with H0 we may assume that H is the product of an
abelian variety and a torus. For every i = 1, . . . ,n since the projection πi is non-zero, it is easy to see
that there exists Yi in H[∞] such that πi(Yi) is non-zero. The point Y1 is not in the kernel of π1.
So if n = 1 we conclude. Otherwise let 1 < r  n and suppose that ∑r−1j=1 Y j is not in the kernel of πi
476 A. Perucca / Journal of Number Theory 129 (2009) 469–476for every i = 1, . . . , r − 1. Up to replacing Yr with an element in 1∞ Yr , we may assume that for every
i = 1, . . . , r either πi(Yr) is zero or the order of πi(Yr) is greater than the order of πi(∑r−1j=1 Y j). Then∑r
j=1 Y j is not in the kernel of πi for every i = 1, . . . , r. We conclude by iterating the procedure up
to r = n. 
Corollary 14. Let K be a number ﬁeld. For every i = 1, . . . ,n let Gi be a semi-abelian variety deﬁned over K
and let Ri be a point on Gi(K ) of inﬁnite order. Then for every integer m > 0 there exists a positive Dirichlet
density of primes p of K such that for every i = 1, . . . ,n the order of (Ri mod p) is a multiple of m.
Proof. First we prove the case where Gi is the product of an abelian variety Ai and a torus Ti for
every i = 1, . . . ,n. Call S the set of prime divisors of m. Consider the point R = (R1, . . . , Rn) in G =
G1 × · · · × Gn . We may assume that nR = 1 by replacing Ri with nR Ri and we may assume that m
is square-free by replacing Ri with (m/
∏
∈S )Ri for every i = 1, . . . ,n. Since GR contains R , the
projection from GR to Gi is non-zero for every i = 1, . . . ,n so we can apply Lemma 13. Then for
every  in S there exists X in GR [∞] such that all the coordinates of X are non-zero. Write Y =∑
∈S X . By construction Y belongs to GR(K¯ )tors and for every  ∈ S the order of every coordinate
of Y is a multiple of . Let F be a ﬁnite extension of K where Y is deﬁned. By Proposition 11, there
exists a positive Dirichlet density of primes p of K such that the following holds: there exists a prime
q of F over p such that the order of (R − Y mod q) is coprime to m. Then up to discarding ﬁnitely
many primes p the order of (Ri mod p) is a multiple of  for every  in S and for every i = 1, . . . ,n.
This concludes the proof for this case.
For every i = 1, . . . ,n let Gi be an extension of an abelian variety Ai by a torus Ti and call πi the
quotient map from Gi to Ai . If πi(Ri) does not have inﬁnite order let R ′i be a non-zero multiple of Ri
which belongs to Ti(K ). If πi(R) has inﬁnite order then let R ′i = 0. Then (πi Ri, R ′i) is a K -rational
point of Ai × Ti of inﬁnite order. Clearly for all but ﬁnitely many primes p of K the following holds:
the order of (Ri mod p) is a multiple of m whenever the order of ((πi Ri, R ′i) mod p) is a multiple
of m. Then we reduced to the previous case. 
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